SOME REMARKS ON LOCAL CLASS FIELD THEORY 
OF SERRE AND HAZEWINKEL 



TAKASHI SUZUKI 

Abstract. We give a new approach for local class field theory of Serre and Hazewinkel. In the case of 
characteristic zero, we also show a D-module version of this theory. Two-dimensional local class field theory 
is discussed in this framework. 



1. Introduction 

First we use the terminology of Ser60j, [Ser61j . and [DG70 to state the first main theorem (Theorem ll.l[) 
of this paper. Let A; be a perfect field of characteristic p > and K — k((T)). We fix an algebraic closure 
K of K. All the algebraic extensions of K are taken inside K, for example, the separable closure K s , the 
perfect closure K p , the maximal abelian extension K ah , the maximal unramified extension K ur . The group 
of units of K can be viewed as a proalgebraic group over k in the sense of |Ser60j ; we denote this group by 
XJk . For each perfect fc-algebra R (perfect means that the p-th power map is an isomorphism) we have the 
group 



Uk(R) = 




at e R, a e R x 



of i?-rational points. We consider the if p -rational point — T + T of and the corresponding morphism 
if: Spec K p — > U^. We denote by r\ the composite map 

I(K ah /K) ^ G&\(K ab /K) ^ vrf (Speci^) ab 7rf (U K ) ab -» 7rf gp (U K ). 

Here we denote by I(K &h / K) the inertia group of the extension K &h /K, by 7rf t (-) ab the maximal abelian 
quotient of the etale fundamental group, and by TTi~ gp the first left derived functor of the functor taking the 
maximal proconstant quotient in the category of commutative proalgebraic groups over k. Then we state 
the first main theorem of this paper: 

Theorem 1.1. The above defined map rj: I(K &h / K) — > 7r^~ sp (Ui<-) is an isomorphism. Moreover, if k is 
either a finite field, an algebraic closure of a finite field, or a field of characteristic 0, then the inverse of r\ 
coincides with the isomorphism 0: ^^(Uy) — > I(K &h / K) of Serre- Hazewinkel ( |Ser61j . |DG70j ). 

Next we assume that char(fc) = (hence K p = K) and use the notion of £>-module (cf. |HTT08j ) to state 
the second main theorem (Theorem ll.2|) of this paper. Let n > be an integer and U^ +1 be the proalgebraic 
group of (n + l)-th principal units. We say that a Z?-module M on the fc-scheme Ujf/U^- +1 with O-rank 1 is 
compatible with group structure if n*M ^ pr* M ® pr* M, where (i: U K /U™ +1 x U K /U^ +1 U K /U™ +1 
is the multiplication and pr ; is the i-th. projection (i = 1,2). A T>- module N on the fc-scheme Specif with 
O-rank 1 is said to have irregularity n if its connection form with respect to some (hence any) X-basis of N 
has a form fdT/T for some / G K x with valuation —n. With these terminologies the second main theorem 
of this paper is stated as follows: 

Theorem 1.2. Assume that char(fc) = 0. The map ip: Specif — » Ujf induces, by pulling back, an equiva- 
lence of categories between the category C of T>-modules of O-rank 1 on the k-scheme TJV/U^- + which are 
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compatible with group structure and the category C of T> -modules of O -rank 1 on the k-scheme Spec K with 
irregularity < n. 

We also discuss a two-dimensional analogue of the above theory. 

We give a couple of comments on literatures. First, the above defined map tp: SpecK p —> Ujf have also 
been defined by Contou-Carrere ( CC94 ). Second, the existence of an equivalence of categories between C 
and C may be known for the specialists of the geometric Langlands correspondence (cf. |Fre07j . |Bei06j ). 

Acknowledgements. This is the master thesis of the author at Kyoto University. The author would like to 
express his deep gratitude to his advisor Kazuya Kato and Tetsushi Ito for their suggestion of the problems, 
encouragement, and many helpful discussions. 

2. Proof of Theorem 11.11 

2.1. Proof of the part "?y is an isomorphism". Both groups 7r^~ sp (Uif ) and I(K ah /K) are profmitc 
abelian groups. Thus it is enough to show that r\ induces an isomorphism between the Pontryagin dual 
groups. The Pontryagin dual of ^'^(XJk) is canonically isomorphic to Ext^(U/f , Q/Z) which is defined as 
the direct limit of the groups Ext£ (U/f , Z/mZ), m > 1, of extension classes of proalgebraic groups over k (cf. 
}Ser60l §5.4]). Therefore the problem is equivalent to showing that the dual map if : Ext^(Ux, Qe/Ze) —* 
1 (/(74T ab /-ftr), Qt/Zz) is an isomorphism for each prime number £. Since XJk — G m x , we have 

Exti(U x ,Q«/Z«) = Extl(G m ,Qt/Zt) eExti(U]f,Q</Z<). 

2.1.1. The case £ ^ p. We compute the groups Ex4(Uk, Qi/Zi), H l (I{K ah /K), Qe/Ze) for £ ^ p. 

Lemma 2.1. If p = 0, the usual exponential map Y[ n >i — > sending (a n ) n >i G TJ n>1 G a to 

On>i ex P( a «T" ) G is an isomorphism of proalgebraic groups. If p > 0, the Artin-Hasse exponential map 

IIp+n>i W - > U x sending a = {a n )p\ n >i G E[ptn>l W a « = ( a « ' a «l> ■ • • ) e W <0 Ilpfr^i, ™>o ^KmT" 1 
Ujf is an isomorphism of proalgebraic groups. Here we denote by W the additive group of Witt vectors and 
set F(t) = exp(-E e > ^7p e ) G Z„[[t]]. 

Proof. See [SerMl Chapter V, §3, 15 and 16]. □ 

Lemma 2.2. The group Ext^U^ , Qe/Ze) is zero. The group Ext Jfc (G m , Qe/Ze) is generated by the extension 
classes given by 

— > Z/f*Z — > G m G m — > 0, 

where d runs through the integers such that fc x contains all the £ d -th roots of unity and the map Z/£ d Z — > G m 
corresponds to the choice of a primitive £ d -th root of unity. 

Proof. First we show that Ext fc (U^ , Qe/Ze ) = 0. Lemma [2.11 shows that the £-th power map induces an 
automorphism on . Since Qe/Ze is £-power torsion, we have Ext^U^ , Qe/Ze) = 0. 

Next we compute Ext fc (G m , Qe/Ze). Since this group is isomorphic to the group of characters of £-power 
order of tt^~ sp (XJk ), it is a union of subgroups Ext^(G m , Z/£ d Z) for d' > 1. Taking the long exact sequence 
of the exact sequence 

e d ' 

— ► \Lg&t — ► G m — ► G TO — ► 

we have an exact sequence 

(1) Hom fe (G m ,Z/Kz) — > Kom k (n ed ,,Z/£ d ') — > Ext£(G m , Z/£ d 'Z) ^ Ext£(G m , Z/£ d 'Z). 

Since G m is connected and Z/£ d Z is discrete, the first term of (TTJ) is zero. Since Z/£ d Z is killed by £ d , the 
third map of (TT]) is a zero map. Thus we have an isomorphism Hom/ c (/j, fd / , Z/£ d Z) ^> Ext^(G m , Z/£ d Z). 
If d is the maximal integer less than a" such that k x contains all the £ d -th roots of unity, then any 
morphism fi^d' — > Z/£ d Z factors through the maximal constant quotient \i(d of \i(d' ■ Thus we have 
Honifc(/!^' , Z/£ d Z) = Homfc(/%j, Z/£ d Z). li d — d', the group Homfc(/^d, Z/£ d Z) is a cyclic group gen- 
erated by an isomorphism [i S d ^ Z/( d Z corresponding to the choice of a primitive £ d -th root of unity. This 
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generator corresponds to the desired extension class via the above defined isomorphism Hom^^d, Z/£ d Z) 
Ext fc (G m , Z/£ d Z) because there is a commutative diagram 

► /j, g d ► G m ► G m > 

id id 



> Z/£ d Z > G m — 1 — ► G TO > 0, 

where the map Z/£ d Z — > G m is the inverse of the isomorphism fi^d ^ Z/£ d Z followed by the inclusion 

□ 

Lemma 2.3. The group _ff 1 (/(_ft' ab /i : C), Q^/Z^) is generated by the characters given by 

where d runs through the integers such that k x contains all the £ d -th roots of unity and ip: ^igt — * Z/£ d Z is 
an isomorphism. 

Proof. Note that I(K ah /K) = Gal(K ah /K ah n K UI ) ^ Gsd(K ah K ur /K UI ). For each integer d > 1, the field 
K UI has a unique Galois extension of degree £ d , namely K UT ((— T) 1 ^ ). This field is contained in K ah K m if 
and only if k x contains all the £ d -th roots of unity. □ 

Now we show that r/ v : Extj^U*-, Qe/Zg) -> ff 1 (J(Jf ab /ii') ) Qe/Z e ) is an isomorphism for £ ^ p. The 
extension class given in Lemma gives an isogeny G m -» G m with kernel Z/£ d Z. The map iy9 : Spec K p — > 
Ujf followed by the projection UV -» G m corresponds to the rational point — T. Taking the fiber product 
of these maps we have 

SpecKpd-T) 1 /^) ► G m 



Spec K p ► G TO . 

Thus, in view of the above lemmas, we know that the map rf : Ext^(U A -, Qt/Ze) -> H 1 (I(K ah / K), Qe/Ze) 
is an isomorphism for £ ^= p. 

2.1.2. The case £ = p. We have to treat the groups of characters of p-power order. We reduce the problem 
to that of order p. 

Lemma 2.4. Let f : A — > B be a homomorphism between abelian groups A and B. If both A and B are 
p-divisible and p-power torsion, and f induces an isomorphism between the p-torsion part of A and that of 
B, then f is an isomorphism. 

Lemma 2.5. The group Ext s .(G m , Q p /Z p ) is zero. The group Ext^U^-, Q p /Z p ) is p-divisible. 

Proof. First we show that Ext£(G m , Q p /Z p ) = 0. The p-th power map induces an automorphism on G m 
since we work in the category of quasi-algebraic groups in the sense of |Ser60j . Since Q p /Z p is p-power 
torsion, we have Ext^(G m , Q p /Z p ) = 0. 

Next we show the p-divisibility of Extj^U^ , Q p /Z p ). Since this group is isomorphic to the group of char- 
acters of p-power order of (U^), it is a union of subgroups Ext^U^ , Z/p d Z) for d > 1. We show that 
Extj^U^ , Z/p d Z) is canonically isomorphic to © J j n >i Wd(k) and the natural injection Ext^.(U^-, Z/p d Z) 
Ext fc (Uj £ -, Z/p d+1 Z) corresponds to the map 0p> n>1 Wd(fc) 0p> n >i Wd+i(k) of multiplication by p, 
which imply the p-divisibility of Ext^U^, Q p /Z p ). Since ^ Up\ n >i W, we have Extj^U^, Z/p d Z) = 
©pfri>i Ext fc (W, Z/p d Z). Taking the long exact sequence of the exact sequence 

— >W — >W d — >0 
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we have an exact sequence 

(2) Hom fc (W, Z/p d Z) — > Extl(W d , Z/p d ) — ► Ex4(W, Z/p d Z) Ext^W, Z/p d Z). 

Since W is connected and Z/p d Z is discrete, the first term of © is zero. Since Z/p d Z is killed by p d , 
the third map of is a zero map. Thus we have an isomorphism Extj^(Wrf, Z/p d Z) ^> Ext£(W, Z/p d Z). 
There is a canonical element Ed € Ext fc (Wd, Z/p d Z) corresponding to the Artin-Schreier-Witt isogeny p. 
Each element a G Wd(fc) gives, by multiplication, an endomorphism on Wd, hence an endomorphism a* on 
Extl(W d7 Z/p d Z). The map W d {k) -> Ex4(W d) Z/p d Z), a i-> a*e d , is an isomorphism r |DG70| Chapter V, 
§3, 6.10]). Thus we get isomorphisms 

(3) Ex4(Uk,Z/p d Z) = Ext£(W,Z/p d Z) s Ext£(W d ,Z/p d Z) - W d (fc)- 

p|n>l Pt">l Pt ra >l 

The natural injection ExtJ.(U]^, Z/p d Z) Ext fe (U^- , Z/p d+1 Z) corresponds, on each direct summand of the 
third term of ©, to the map i?*p» : Ext^(W d , Z/p d Z) -» Ext£(W d +i, Z/p d+1 Z), where R: W d +i -» W d is 
the projection. The following commutative diagram 











Z/p d Z 
v 

Z/p d+1 Z 



w d 

V 



w d 

p 







-> 



shows that p»e d = p*£ d +\. Hence R*p tf a*e d = R*a*p*e d +\ = (pa)*e d +i. Thus the map i?*p* : Ext^(Wd, Z/p d Z) 
F,xt\(Wd+i,Z/p d+1 Z) corresponds to the multiplication p: W d (fc) <^-» W d+ i(A;) via the third isomorphism of 
d2]), as desired. 

□ 

Lemma 2.6. The group iJ' 1 (7(if ab /K),Q P /Z p ) is p- divisible. 

Proof. The largest pro-p quotient of G&\(K S /K) is pro-p free f |Ser02[ Chapter I, §2.2, Corollary 1]). Thus 
^{GaliKs/ K),Q p /Z p ) is p-divisible. Since H 1 {I (K &h / K) , Q p /Z p ) is a quotient of H 1 {Gal{K s / K) , Q p /Z p ), 
the group ^(/(i^V-fO.Qp/Zp) is also P-divisible. 



□ 



We calculate the groups of characters of order p. 
Lemma 2.7. As a special case (d — 1) of the isomorphism ([3]), we have isomorphisms 

Exti(Ul,Z/pZ)= Extl(W,Z/pZ) = Ext£(G a ,Z/pZ) = fc. 

p|n>l pfn>l Pt«>l 

The map k — > Ext^(G a , Z/pZ) sends an element a £ fc x to £/ie extension class given by 

— > Z/pZ — ► G a a -^? G a — » 0, 



where p is the Artin-Schreier isogeny. 

Proof. This is immediate from the following commutative diagram: 

► Z/pZ ► G a — ^— > G 

id 







Z/pZ 



G„ 



□ 
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Lemma 2.8. The map defined by 

kT~ n -> H l {I{K ah /K),Z/pZ), 
pfn>l 

aT~ n ^ (a ^ aip^iaT- 11 )) - p-^aT"")) 

is an isomorphism. 

Proof. Since the natural surjection Gal^s/if) -» G&\(k s /k) admits a section ( |Ser02[ Chapter II, §4.3, 
Exercises]), we know that the sequence 

— ► ff x (Gal(A; a /A;),Z/pZ) — > H 1 {G&\{K S /K), Z/pZ) — > H\l{K ah /K),Z/ P Z) — > 

is exact. The first and the second term of this sequence is calculated by Artin-Schreier theory. Thus the 
third term also is calculated. The result is the desired form. □ 



Thus we are reduced to show that the map 

n v : Ex4(U K ,Z/pZ) S k^ kT~ n = H^HK^/K), Z/pZ) 

is an isomorphism. We need to calculate the following map: 

Spec Kp^uytylcY = J] W/pWS H G Q . 

pfn>l pfa>i 

The map Specif -> U] i 7(U 1 Y ) p corresponds to the ^-rational point 1 - T~ X T of U^/(U^)p. The 
isomorphism n p f n >i /(UL ) p sends each element (a„) p |„> 1 of the left hand side to Ilpfn>i ^( a «T n ) 

of the right hand side. 

Proposition 2.9. (1) The inverse of the isomorphism Ylp\ n >i ~~ * ^k/(^k) p * s given by the map 

^k/^ky - s n g - t " di °s T ^ n g «. 

n>l p\n~>l 

where dlog(fif) = (g'/g)dT and a(E„>i & «T" dlogT) = {-b n /n)^ n > x . 

(2) TTie rational point 1 — T _1 T corresponds to (l/(nT TI )) p |„> 1 via the isomorphism JJ] < /([J] ( ) p (K p ) = 

(3) TTie map Specif -> Llpfn^i Ga #* ,;es ^ e K p -rational point (l/(nT")) p |„> 1 o/n p |„>i G a . 
Proof. (P): Using the identity dlogF(t) = — ^ e >o* P dlogt, we have 

dlogl H F(a n T n ) \ =- (a„T"f c dlog(a„T")- ]T (-n)(a„T"f e dlogT. 

\pfn>l / e>0 e>0 

p\n>l Pt">l 

Thus the map a odlog sends n p f n >i f( tt nT") to (a n ) p ^ n ^i, as desired. ([2]): A simple calculation shows that 
(a o dlog)(l - T- X T) = (l/(nT n )j pttl > 1 . ©: This follows from ©. □ 

Now we calculate 77 v . Let n > 1 be an integer prime to p and a ^ be an element of k regarded as an 
element of p | n>1 k by the n-th inclusion k <-> p j.„> 1 The corresponding extension of G a is given in 
Lemma |2"771 We have a cartesian diagram 

Spec ^(p-^o/nT")) > G a 

Specif > G a . 

Thus ?7 V : (B p | n>1 — * ©p| n >i kT~ n preserves the direct factors and the map on the n-th factor is given by 
multiplication by 1/n. This shows that r\: I(K ab /K) — » 7r 1 " sp (U^-) is an isomorphism. 
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2.2. Proof of the part "77 1 = 9 for some cases". First we show that rj 1 = 9 for the case where A; is a 
finite field of q elements. 

► Uk 

['-' 

> Ujf. 

v 

Here K^ m is the field K adjoining all the T m -torsion points (where m runs through the integers > 1) 
of the Lubin-Tate formal group Fj (cf. [Iwa86j ) whose equation of formal multiplication by T is equal to 
f(X) = TX + X q . The morphism Spec(K™ m ) p — > XJk corresponds to the rational point X)m=o Q m+iT m , 
where a rn is a generator of the module of T m -torsion points of Fj. The map F is the q-th power relative 
Frobenius morphism (hence F—l is the Lang isogeny overk). The induced isomorphism Gal(_ftT™ m / K) = Uk 
coincides with the one given by Lubin-Tate theory. 

Proof. We calculate the geometric fiber of F — 1 over — T + T. Let g = Y1 a mT m be an element of XJk(K ). 
The equation F(g)/g = — T + T is equivalent to the system of equations /(do) = 0, f{a m +\) — a m , m > 0. 
Thus, for each m > 0, a m is a generator of the module of T m+1 -torsion points of Ff. This proves the 
existence of the above cartesian diagram. Next we calculate the action of Ga\(K^ m /K) on the fiber of 
F - 1 over —T + T. The Lubin-Tate group F f for f(X) — TX + X q is the formal completion G a of the 
additive group with the formal multiplication of each element ^ b m T m of Ok being given by the power series 
J2 b mf° m (X) 6 EndG a , where f om is the m-th iteration of /. Thus, if a corresponds to u(T) = J2 b ™T m 
via the isomorphism Ga\(K^ m / K ) = Uk of Lubin-Tate theory, we have 

o I J2 «™+i r ) = E CT («™+i) T " 1 = E ham+i-kT™ = u(T) E «™+iT m 

\m>0 / rn>0 0<fc<m<oo m>0 

Thus the action of a on the fiber of F — 1 over —T + T is given by multiplication by u(T), as required. □ 
Thus the map rj: I(K ah / ' K) — > 7r^" SF '(U k) factors through the isomorphism of Lubin-Tate theory: 

I(K ah /K) -» Ga\{K^ m /K) = U K = 7r^ sp (U K ). 

Since the isomorphism 9 of Serre-Hazewinkel for finite fc coincides with the one given by Lubin-Tate theory, 
the equality r/ _1 —9 for such k follows. 

Remark. The above proposition, combined with the fact that rj: I(K ah / K) — » 7r^" sp (Ux) is an isomorphism, 
which was proved in the previous subsection, gives another proof of the local Kronecker- Weber theorem for 
Lubin-Tate extensions: we have just been proved that the canonical surjection I(K ah /K) -» Gal(K™ m / K) 
is an isomorphism, that is, K ah = K™ m K m . 

Next we show that ij^ 1 = 9 for the case where k is an algebraic closure of a finite field. We put 
K n = F P «((T)). Then we have 

Gal(A' ab /^) = Gal((UX„) ab / U K n ) = limI(K ah /K n ). 

Also by [DG701 Chapter V, §3, 2.3] we have i{" gp (U K ) = liim_ tt^UkJ. Since the maps ip: Spec(K n ) p -» 
TJk„ are compatible with base extension, the equality r\~ x — 9 is reduced to the finite residue field case. 

Finally we treat the case char(fc) = 0. Let L/K be a totally ramified abelian extension of degree n. 
Kummer theory and the exponential map show that the inclusion U k ^ Ul induces an isomorphism 
XJk —> Ul/Vl/k, where V l/K i s a subgroup of XJk generated by (a — 1)Ul for various a € G&\(LjK). The 
composite of this isomorphism and the norm map N L j K '■ U/, / / K — * Uk is the n-th power endomorphism 



Proposition 2.10. There is a cartesian diagram 

Spec(^ am ) p 

Spec K p 
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on Ux, which is an automorphism on the subgroup UL. Thus we have the following diagram whose two 
squares are both cartesian: 



Specif ur ((-T) 1 /") 



Specif 

Then the equality r? -1 = 9 follows. 



Ul/Vl/k 

[ Nl/k 



G, 



G, 



3. Proof of Theorem 11.21 

First we describe the category C. Write U^/U^ 1 = G m x G™ = Spec k[T^, T u . . . ,T n ] and put A = 
k[T^,T\, . . . , T n ], Da = A[dT , • ■ ■ , dr„]- Since A is a UFD, any line bundle on Uif/U^ +1 can be trivialized. 
Let M — Ae M be a ZJ^-module of A-rank 1 with a basis e M and a connection form o> M = f^dT^/To + 
J2i<i< n f^dTii where / 4 M 6 A. For M to be compatible with group structure, it is necessary and sufficient 
that / Z M is equal to a constant af £ k for each i. Let N = Ae N be another D^-module of A-rank 1 with a 
connection form lo n — af <1Tq/Tq + J2i<i< n a fdTi, af £ k. We determine the space of D^-homomorphisms 
HoniD A (M, N). Since both M and N are A-rank 1, this space can be viewed as a fc-subspace of A. An 
element g £ Homu A (M, N) C A should satisfy a system of differential equations 

d To 9 = ^^-g, d Ti g=(af-af)g, 1 < i < n. 
This system has a non-zero solution g in A if and only if af — af £ Z and af = af for 1 < i < n. If 

a M —a N 

these conditions are satisfied, the space of solutions is a 1-dimensional k- vector space spanned by T Q . 
In particular the isomorphism classes of objects of the category C is classified by the space 

(fc/Z)^e kdT r 

l<i<n 

by taking the connection form. 

Next we describe the category C . If M — Ke M (resp. N = Ke ) is a Dx — K[dT)-modu\e with 
irregularity < n M (resp. < n N ) with a connection form f M dT/T = E-oo<i<n« afT^dT/T (resp. /^dT = 
E-oo<i<«N afT^dT/T), then the space Hom Djf (M, AT) is zero unless af ~af £ Z and af = af for i > 1. 
If these conditions are satisfied, Homr> K (M, N) is a 1-dimensional k- vector space spanned by 

„ M n N 

T ~ a ° exp 




In particular the isomorphism classes of objects of the category C is classified by the space 

(fc/z)e kT- 1 



Ki<n 



dT 
~T 



by taking the connection form. 

Now we describe the functor of pulling back by ip: Specif — > U^/U^ . The map y> followed by the 
isomorphism U^/U^ 1 = G m x G™ given in Lemma [2TT1 corresponds to a rational point (— T, (—T~ l /i)i). 
If M is an object of C with a connection form w M = afdT /T + J2i<i< n afdTi, then the pullback ip*M 
has a connection form <p*uj AI — J2o<i<n afT~ l dT/T. Using this description and the above classification we 
know that the functor of pulling back by if is fully faithful and essentially surjective. Thus we get Theorem 

ira 
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4. An auxiliary result 

The following proposition is a refinement of Proposition 12.101 

Proposition 4.1. Assume that k is either a finite field, an algebraic closure of a finite field, or a field of 
characteristic 0. Then, for any finite totally ramified abelian extension L/K, there is a map SpecL" — > 
"Ul/Vl/k an d a cartesian diagram 

Specif ► Ul/Vl/k 

Specif" ► U K . 

The induced isomorphism Gal(L/if) = Ker(N L / K ) coincides with 9. 

We prove this proposition below. Note that the group XJl(K) is equipped with two different actions of 
Gal(K a /K), namely the one induced by the action of Gal(L/K) on the proalgebraic group Ul and the one 
induced by the action on the coefficient field K. For g e TJl(K) and a £ Ged(K s /K) we denote by 
(resp. g a ) the action of a € Gal{K s /K) on g 6 XJl(K) in the former (resp. the latter) sense. 

Lemma 4.2. Assume that k is finite. Let m > 1 be an integer and L — if™ be the field if adjoining all the 
T m -torsion points of the Lubin-Tate group Ff. For any g 6 the image of N L / K g in U^/LP^ depends only 
on the image of g F ~ l = g F / g inU l/V l/ k- Thus we obtain a map Nl/k°(F— 1) 1 : Ul/V^/x ~ * Ujf/U^. 
This map makes the following diagram commutative: 

► Gal(L/K) > U L /V L/A - -^U U A - ► 



N L/K o(F-l) 



I 



> u K /u% > Ujf/U^ > *Wu m ► 0. 

F — l 

Here the map Gal(L/if) — > ^Jl/^l/k * s given by er t— > a\n 1 = o^m/a m (ot m * s defined similarly to T) 
and the map G&l(L/K) — > Uk/U^ is the isomorphism of local class field theory. All other unnamed maps 
are the canonical ones. 

Proof. The well-definedness of Nljj(o{F— The kernel of the endomorphism F — l of \Jl/~Vl/k is equal 
to Ul*Vl/k/Vl/k'i its image by N L / K is contained in N l / k (Ul) — U^. This proves the well-definedness. 
The commutativity of the left square: See |Ser79|. Chapter XIII, §5]. □ 



Proof of Proposition ^. 1\ First we prove Proposition 14.11 for the case where k is finite and L = if™. By 
Proposition 12. 101 we have a cartesian diagram 

Specif ► U x /U™ 

\f-x 



Specif" ► U A VU™. 



<p 



Combining this diagram with Lemma [4.2l we have the following diagram whose two squares are both cartesian: 

SpecL« > U L /V L/K _^ Uk/TJ$ ' 



\ N t/K \F-1 

Specif" ► XJ K > Uk/U™. 

" in 



This diagram induces isomorphisms Gal(L/if) = Ker(JV£/jf) — Uk/U k 1 . Since this induced isomorphism 
Gal(L/if) = Uk/U^ (resp. Ker(iVi/x) — Uk/U^) coincides with the one given by local class field theory 
by Proposition 12 101 (resp. by Lemma l4~2j). so is G&L(L/K) = Ker(N L / K ). 
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Now let L/K be an arbitrary finite totally ramified abelian extension. By the local Kronecker- Weber 
theorem there exists an integer m such that L ur C (K™) ur . Consider the following diagram whose two 
squares are both cartesian: 

Spec(iq?)£ r y X > Specif 



U^/V^/k ► Ul/Vl/k — — Uk. 

Since the maps Spec(K™)p r — > X —y Spec K£ T are finite etale, the scheme X is of the form Spec V for some 
intermediate extension L' of (Kj?)p T / Kp T . We show that L' = L p T . Let g be an element of the fiber of Nj^m /k 
over — T 4- T and put h = N^m / L g and a — Nr™ /L&m- Then h is the rational point corresponding the map 

SpecL' — ► Ul/Vl/k and o; is a prime element of L. For any o £ Gal(_L/_fC) the equality g a * — CKm 
holds in TJl/Vl/k by Proposition 14 . 1 1 for the extension K™/K. Taking N K ™, j L on both side of this equality 
we have h a ~ x = a^"' 1 . Since a\y = 1 (resp. <t\l = 1) is equivalent to = 1 (resp. a^^ 1 — 1), we have 
L' = L. This proves Proposition 14. II for finite k. 

The proof of Proposition 14 . 1 1 for the case where k is an algebraic closure of a finite field is reduced to the 
finite case by the similar argument used in the proof of t}~ 1 = 8 for such k. The case char(fc) = is already 
treated in the proof of = 9 for the characteristic case. 

□ 

5. A TWO-DIMENSIONAL ANALOGUE 

In this section we discuss an analogue of the above theory for the field K = k((S))((T)). We denote by 
K 2 the functor of the second algebraic -KT-group ([Bas73]). For each perfect fc-algebra R we have an abelian 
group X 2 (-R[[S, T]]). This gives a group functor which we denote by ^[[S, T]]. The if p -rational point 

{-S + S, -T + T} e K 2 [[S, T]](K p ) - K 2 (k((S))((T)) p [[S, T]]) 

gives a morphism <p: Specif —> K 2 [[S, T]], where {•, •} denotes the symbol map. This is an analogue of the 
map Specfc((T)) p — ► Uk((T)) previously defined and studied. 

When k is a finite field F g , the field K = k((S))((T)) is called a two-dimensional local field ( [FKOOj ) of 
positive characteristic. For each perfect /c-algebra R there is a /c-automorphism of R[[S, T]] which maps each 
element of R to its g-th power and fixes S and T. This fc-automorphism induces an fc-automorphism on 
^2[[S, T]] which we denote by F. Consider the following cartesian diagram: 

X > K 2 [[S,T}} 

I- 

SpecX p —5?— K 2 [[S,T}}. 
Then we expect that if 2 [[S,T]] can be viewed as a kind of "algebraic group over k" and the equation 



x 



F- 



1 = { — S + S, — T + T} gives a two-dimensional analogue of Lubin-Tate theory so that X is the Spec of 
the perfect closure of a large totally ramified abelian extension of K (cf. Proposition 1 2 . 1 0| . 

To avoid some technical difficulties and prove a rigorous statement, we use the space of 2-forms instead of 
K 2 [[S, T]]. For each perfect fc-algebra R we have the space of 2-forms 0^rr g Tll/ii' This functor is represented 
by a proalgebraic group over k isomorphic to an infinite product of G a with coordinate Zij := S l T J rfS A dT, 
i,j > 0. We denote this group by firrs Tll- The dlog map X 2 [[S,T]] — > f2[[s,T]] is defined. There is a 
commutative diagram 

X > K 2 [[S,T}] — — ► n [[SiT]] 

dlog 



1 



F-l F-l 



SpecK p ► K 2 [[S,T]} > fi [[SiT] - 

f dlog ' 
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We put ip' = dlog o (p. 

Proposition 5.1. There is a cartesian diagram 

Spec A p ► %s.t]] 

Spec K p > %s,t]1- 

Here we denote by A the ring K[xij \ i,j > 0]/(xJj — Xij — S~ l ~ 1 T~i~ 1 ) and by A p the direct limit of the 
p-th power maps A — ► A — * • ■ ■ . 

Proof. The map (p' : SpecK p — > f2[[s,T]l corresponds to a rational point 

dlog{-5 + S, — T + T} = d( j|+ s S) A d{ ~*+T = E S-^T-^VdS A dT. 

i,j>0 

If aiyS'T^dS A dT 6 f^[[s,T]] C^) nes m the geometric fiber of -F — 1 over this rational point, it should 
satisfy 

(F - 1) ^ zyS l T J dS A rfT = ( x ij ~ as«)S i T , 'dS A dT = ^ S-^r-^SVFdS A dT. 

i,j>0 i,j>0 i,i>0 

Thus we get the proposition. □ 

Next we assume char(/c) = and calculate the pullback of a "D-modulc on f2[[s,T]] which is compatible 
with group structure in analogy with Theorem 11.21 Let n,m > be integers. The group f2[[s,T]] nas the 
algebraic quotient G with coordinate zy, 1 < i < n, 1 < j < m. Any P-module M on G of O-rank 1 which 
is compatible with group structure has a connection form of the form a^dzy with ay £ A:. We have 

E a V dz V= E OydfS-*- 1 ^- 1 ) 

< in 

{i + l)a i] S- i - 2 T- j - 1 dS - {j + l)a ij S- i - 1 T- j - 2 dT. 

)<i<n 

< j<m 

This is a connection form of the pullback of M by ip'. 



0<i<n 0<i<n 
0<j<m Q<j<m 



0<i<n 0<i<n 
0<j<m 0<j<rn 
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